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How should governments with a preference for redistribution design tax policies when facing
limited borrowing? This paper studies optimal taxation in a small open economy with hetero-
geneous agents and endogenous debt constraints arising from the government's limited com-
mitment to fiscal policies. The optimal labor tax decreases over time and is nonzero in the
limit, and the optimal capital and domestic borrowing taxes are positive in the limit, deviating
from the standard Ramsey tax results. The government's redistributive motive directly affects
optimal tax levels, whereas binding debt constraints influence optimal tax dynamics. In the nu-
merical analysis, a stronger redistributive preference requires greater initial tax distortions and
a higher external debt level in the long run.
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Introduction

How does a government with a desire for redistribution determine its tax policies while facing limited borrowing? Taxes are
the main source of revenue that affects the government's ability to issue or repay debt. At the same time, distortionary taxes and
transfers redistribute resources across agents, so the government's preferences for greater redistribution affect its willingness to
raise revenue and influence its borrowing capacity. When borrowing is constrained, redistributing via taxes is limited. Empirical
works on the recent European debt crisis have demonstrated how the government's redistributive motive and debt accumulation
are closely related.1 First, the rapid accumulation of external debt in the periods leading up to a crisis led to many countries facing
such high costs of borrowing that they could not roll over their debt. Second, highly indebted countries such as Greece, Portugal,
and Spain also experienced high levels of income dispersion. According to the European Union's Statistics on Income and Living
Conditions, the Gini coefficients and S80/S20 income quintile share ratio in these countries were both higher than the EU-27
an).
(2012), Ferriere (2015), and Jeon and Kabukcuoglu (2018) for more empirical analysis on how high income
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country average. Countries proposed different policy strategies to tackle the problems of constrained borrowing while maintaining
the desired level of redistribution.

Motivated by these observations, this paper questions how both the government's redistributive motive and its limited ability
to borrow affect optimal tax policies. The paper explores insights on the trade-off between redistribution and efficiency and stud-
ies how limited borrowing in the form of endogenously binding debt constraints restricts the government's ability to smooth
taxes over time. While tax policies allow the government to achieve a desired level of redistribution, the government has an ad-
ditional incentive to change taxes to relax debt constraints. Through tax policies, the government's redistributive motive influ-
ences its borrowing capacity.

I address these issues in a model of a small open economy with heterogeneous agents and the government's limited commit-
ment. The model combines the sovereign debt framework of limited commitment (Aguiar et al. (2009) and Aguiar and Amador
(2011, 2014, 2016)) with the Ramsey taxation framework (Chari et al. (1994), Chari and Kehoe (1999), and Werning (2007)).
Domestic agents are impatient relative to the international intertemporal price of resources. Taxes are linear, consisting of
distortionary and lump-sum components. The economy is subject to endogenous debt constraints arising from the government's
lack of commitment in all policies. The debt constraints are such that the value of staying in contracted policies is weakly higher
than the value of reneging. I consider a planner that chooses efficient allocation to maximize the social welfare, but is subject to
the distortionary costs of policies and debt constraints. I then study optimal policies that implement the efficient allocation.

I establish three theoretical results on optimal labor taxation under the case of separable isoelastic preferences. First, perfect
labor tax smoothing occurs when debt constraints do not bind. When debt is not constrained, the government borrows as needed
and sets optimal labor taxes to balance the trade-off between redistribution and efficiency, which depend on skill distribution, dis-
tributional preference, and elasticities that are constant over time.

Binding debt constraints, however, limit the government's ability to borrow and maintain constant labor tax distortions over
time. I find that front-loading tax distortion is optimal when debt constraints are relevant. Specifically, in each period that the
debt constraint binds, the optimal distortionary labor tax permanently decreases for all future periods, given that the government
is inequality averse and preferences are highly concave in consumption. The key mechanism is back-loading efficiency: lower fu-
ture labor distortions increase the current period's borrowing capacity. This mechanism is present because of the distortionary
cost of policies. An inequality-averse government would like to levy distortionary labor taxes to redistribute resources toward
low-income agents. Faced with the distortionary cost and debt constraints, the government front-loads tax distortions when
debt constraints do not bind and reduces tax distortions when debt constraints bind.

The third result is that the optimal labor tax converges to a nonzero value when domestic agents are impatient and debt con-
straints are binding infinitely often in the long run. Moreover, the labor tax's level in the limit depends on heterogeneity and dis-
tributional preference. Back-loading efficiency implies that the optimal labor tax in the long run maximizes the economy's
efficiency, which is affected by redistribution in this case. The effect of redistribution, captured by skill distribution and the
government's distributional preference, gives a nontrivial value for the optimal labor tax in the limit. In a representative-agent
framework such as in Aguiar and Amador (2016), redistribution does not affect the economy's maximum efficiency, so the opti-
mal labor tax in the limit is zero.

Optimal capital controls in the form of taxes on the domestic sector's borrowing are positive when debt constraints bind. Im-
patient domestic agents borrow over time and do not internalize the effect of their individual borrowing decisions on the aggre-
gate debt constraints. Therefore, it is optimal to levy positive taxes that discourage domestic borrowing when the debt constraint
binds. Income inequality affects the distribution of domestic borrowing, whereas both income inequality and distributional pref-
erence affect the cost of binding debt constraints. Hence, the levels of the domestic borrowing taxes depend on heterogeneity and
distributional preference. In the long run, the optimal tax on domestic borrowing only depends on the discount factor and the
international interest rate.

In addition, the optimal capital tax is positive in the long run when the value of reneging increases in the current capital stock.
Because the government can renege on its policies and expropriate capital holdings, the efficient outcome discourages capital ac-
cumulation.

I examine the effect of redistribution on optimal labor taxes and find that the main determinant of tax levels is the rel-
ative ratio between the government's distributional preference and equilibrium market distribution over individual utilities.
If the distributional preference is the same as the equilibrium distribution, then the optimal labor tax is zero. The govern-
ment sets nonzero labor taxes only when its distributional preference differs from the competitive equilibrium's outcomes
that are driven by heterogeneity.

The numerical analysis illustrates optimal policies in a model of no capital and a utilitarian welfare function. The government
levies a labor tax in the initial periods to redistribute resources toward poorer households. In the long run, however, the govern-
ment sets a labor subsidy to encourage highly productive agents to work more to increase the economy's borrowing capacity. The
optimal domestic borrowing tax is zero initially when debt constraints do not bind and becomes positive as debt constraints bind
in the long run. External debt increases even after debt constraints are binding. Tax dynamics correspond to a reduction in the
distortionary costs of policies whenever the debt constraint binds.

Optimal tax and debt policies respond to changes in income inequality. In a comparative statics exercise, I find that a more
unequal economy corresponds to a higher labor tax for more redistribution in the beginning of time and a higher labor subsidy
for more efficiency in the long run. Lump-sum transfers also increase with respect to income inequality. Higher income inequality
also leads to higher taxes on domestic borrowing when debt constraints bind because the distribution of domestic borrowing is
more unequal. In addition, a more unequal economy accumulates more external debt over time.
2
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Related Literature. This paper contributes to the optimal taxation and debt management research of the public finance liter-
ature (e.g., Barro (1979), Lucas and Stokey (1983), Chari et al. (1994), Aiyagari and McGrattan (1998), Chari and Kehoe (1999),
Aiyagari et al. (2002), and many other papers). The argument for labor tax smoothing often relies on the fact that the government
can issue debt that is contingent to all states and is not constrained beyond the natural debt limit. In this paper, tax smoothing is
not always optimal; the government's ability to smooth tax distortion is restricted by the international lenders' willingness to
lend. The nonzero capital and domestic borrowing taxes are in contrast to the zero convergence of the capital tax from Judd
(1985), Chamley (1986), Chari et al. (1994), and Straub and Werning (2020) because the endogenous debt limits depend on
the capital stock, and the domestic agents do not internalize the effect of their borrowing on aggregate debt constraints.

The optimal taxation results are relevant to the current research in optimal fiscal policies with heterogeneity and the
government's redistributive motive. Bhandari et al. (2017) and Werning (2007) both find that the government's redistributive
motive has a significant impact on optimal policies. Werning (2007) develops the conditions for perfect tax smoothing with re-
distribution, while Bhandari et al. (2017) emphasize the impact of the initial distribution of heterogeneity on the optimal alloca-
tion and optimal debt in the long run. In this paper, I highlight the role of endogenous debt constraints in changing optimal tax
dynamics, which results in imperfect tax smoothing. I also argue that the distribution of heterogeneity and the government's re-
distributive motive are important in determining the optimal debt level that is sustainable in the long run. The paper also relates
to the work of Chien and Wen (2022), which studies optimal taxation with idiosyncratic risk and market incompleteness. In Chien
and Wen (2022), tax smoothing is limited when upper debt limit is relevant, and debt accumulation is optimal for the govern-
ment to provide liquidity for precautionary saving households. In this paper, the upper debt limit is endogenously determined
by the government's ability to sustain debt, whereas debt accumulation is exogenously driven by domestic households'
impatience.

I introduce heterogeneity and the redistributive effect of fiscal policies in the literature that studies the government's lack of
commitment in both tax and debt policies. The volatile tax and government expenditures are similar to Cuadra et al. (2010)
and Bauducco and Caprioli (2014). The theoretical finding of front-loading labor taxation when borrowing is tightened relates
to the absence of tax smoothing in Pouzo and Presno (2022) and the quantitative result of Arellano and Bai (2016), in which
higher tax distortion would make the country more likely to default. The result on front-loading tax distortion also relates to
Karantounias (2018)’ s “fear” mechanism that comes from the default risk that makes debt issuance expensive. In this paper,
the threat of default is present when debt constraints are binding, which leads to lower tax distortions in future periods.

This paper contributes to research on the interaction between inequality and sovereign default risk (Ferriere (2015), Balke and
Ravn (2016), D'Erasmo and Mendoza (2016, 2020), Dovis et al. (2016), Jeon and Kabukcuoglu (2018), Deng (2021), Bianchi et al.
(2023), and others). I provide new theoretical findings on optimal taxation in a general framework of inequality and the
government's lack of commitment. The paper establishes that front-loading labor tax distortions is optimal when redistribution
is costly and borrowing is limited. The optimal capital control in the form of a tax on domestic borrowing is optimal when bor-
rowing is constrained. Moreover, the government's distributional preference affects optimal tax levels only if it differs from the
equilibrium market's distribution.

The dynamic environment in this paper is an extension of the one in Aguiar and Amador (2016), adding heterogeneity and
distributional preference and allowing for richer tax systems. Aguiar and Amador (2016) find that the labor tax must go to
zero in the long run as a result of front-loading efficient consumption and leisure allocation. In this paper, the tax limit can be
any real value. More interestingly, when the effect of redistribution is turned off in the model, the labor tax is zero in the
limit, consistent with their findings. The paper shows that the government's redistributive consideration, not heterogeneity, is
the main source for the changes in tax levels.

The model qualitatively accounts for the positive correlation between income dispersion and the debt level that several em-
pirical papers have documented. Berg and Sachs (1988) show that income dispersion is a key predictor of a country's probability
of rescheduling debt and the bond spread in secondary markets. Aizenman and Jinjarak (2012) describe a negative correlation
between income dispersion and the tax base and a positive correlation with sovereign debt. Recently, Ferriere (2015), Jeon and
Kabukcuoglu (2018), and Deng (2021) also provide empirical evidence that rising income dispersion significantly increases sov-
ereign default risk.

Outline. The paper is organized as follows. Section 1 describes the environment, the competitive equilibrium, and the
government's lack-of-commitment problem. Section 2 characterizes the equilibrium. Section 3 formulates the efficiency problem,
and section 4 derives the main results of the optimal taxation under separable isoelastic preferences. Section 5 analyzes the effect
of redistribution on optimal taxes. Section 6 provides a numerical analysis of optimal policies and efficient allocation and demon-
strates a comparative statics exercise with respect to changes in skill dispersion. Section 7 then concludes.

1. A model of redistribution and limited commitment

1.1. Environment

The model is a small open economy facing exogenous world interest rates {rt∗}t=0
∞ . Time is discrete. There is a measure-one

continuum of infinitely lived domestic agents that differ by labor productivity types (θi)i∈I, which are publicly observable. The frac-
tion of agents with productivity θi is πi, where (πi)i∈I is such that ∑i∈Iπi = 1 and ∑i∈Iπiθi = 1. All agents have the same discount
3
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factor β and the static utility U(c,n) over consumption c and hours worked n. The utility function of the agent with productivity θi

over consumption ct
i ≥ 0 and efficiency units of labor lt

i ≥ 0 is
cit þ
∑
∞

t¼0
βtUi cit , l

i
t

� �
, ð1Þ
where Ui(c, l) = U(c, l/θi).
In addition, there is a representative firm that uses both capital and labor to produce a single output good. The production

function F(K,L) is constant returns to scale, where K and L are aggregate capital and labor, respectively. Capital is depreciated
at the δ rate each period, where 0 < δ ≤ 1. The economy is subject to an exogenous sequence of government spending {Gt}t=0

∞ .
Both the government and private sector have access to domestic and international financial markets.

1.2. Competitive equilibrium with government policies

In each period, government policies are issuances of domestic and international bonds, a lump-sum tax Tt, a marginal tax on
labor income τtn, a marginal tax on capital τtk, and a marginal tax on domestic savings τtd. The domestic savings tax τtd is a
residence-based tax on the returns of domestic agents' savings. Domestic agents pay this tax regardless of the source of the saving
returns or its location. A negative domestic savings tax τtd implies a positive tax on domestic borrowing. Prices faced by the
domestic agents and the firm are the labor wage wt, the return on capital rtk, and the return on domestic asset holdings rt.

Domestic agents. An agent of type i ∈ I faces the sequential budget constraint in period t,
kitþ1 þ bd,itþ1 þ b f ,i
tþ1 ≤ 1 � τnt

� �
wtl

i
t þ 1þ 1 � τdt

� �
1 � τkt
� �

rkt � δ
h in o

kit þ 1þ 1 � τdt
� �

rt
h i

bd,it þ 1þ 1 � τdt
� �

r∗t
h i

b f ,i
t � Tt ,

ð2Þ
where ct
i, lti, kti, btd,i, btf,i denote, respectively, the consumption, efficiency unit labor, capital holdings, and domestic and international

asset holdings, of agent i in period t.
No arbitrage implies that returns on domestic and international bonds are equal, rt = rt

∗. Therefore, the domestic agent's
budget constraint can be rewritten as
cit þ kitþ1 þ aitþ1 ≤ 1 � τnt
� �

wtl
i
t þ 1þ 1 � τdt

� �
1 � τkt
� �

rkt � δ
h in o

kit þ 1þ 1 � τdt
� �

rt
h i

ait � Tt , ð3Þ
where ai = bd,i + bf,i is the net asset holdings of agent i.
No arbitrage between capital and assets implies that the after-tax return is equalized,
1þ 1 � τdt
� �

1 � τkt
� �

rkt � δ
h i

¼ 1þ 1 � τdt
� �

rt ,
which then follows that
1 � τkt
� �

rkt ¼ rt þ δ ¼ r∗t þ δ:
Aggregate allocation. The aggregate consumption is Ct = ∑i ∈ Iπicti. The aggregate labor is Lt = ∑i ∈ Iπilti. The aggregate cap-
ital is Kt = ∑i ∈ Iπikti. The aggregate asset of the domestic sector is At = ∑i ∈ Iπiati.

Representative firm. The firm chooses the amount of capital and labor to maximize profits each period:
max
Kt ,Ntf g

F Kt , Ltð Þ � wtLt � rkt Kt ,
which gives the following first-order conditions:
rkt ¼ FK Kt , Ltð Þ
wt ¼ FL Kt , Ltð Þ:

ð4Þ
The firm's profits are zero in equilibrium because of the constant returns to scale production function.
Government. The government needs to finance an exogenous sequence of expenditures {Gt}t=0

∞ . Let Bt
g be the government's

borrowing from both domestic and international markets. The government's borrowing has a return of rt. The government's
4
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budget constraint in each period is
2 The
3 Defi
4 In S

librium
Gt þ 1þ rtð ÞBg
t ≤ τnt wtLt þ τkt rtKt þ τdt rtAt þ 1 � τkt

� �
rkt � δ

h i
Kt

� �
þ Bg

tþ1 þ Tt :
The government also faces a no-Ponzi condition such that the present value of its borrowing is bounded from below.
Define qt as the intertemporal price of a unit period-t consumption in terms of period-0 consumption units,
qt ¼ Πt
s¼0

1
1þ rs

, ð5Þ
with q0 = 1. Using {qt}t=0
∞ as the relevant intertemporal price, one can write the government's present-value budget constraint

as
∑
∞

t¼0
qt Gt � τnt wtLt � τkt rtKt � τdt rt Kt þ Atð Þ � Tt

n o
≤ �Bg

0: ð6Þ
Aggregate resource constraint. Using the domestic agents' budget constraints and the government's budget constraint, one
can obtain an aggregate resource constraint in terms of the intertemporal prices and the economy's initial external debt
level:
∑
∞

t¼0
qt F Kt , Ltð Þ þ 1 � δð ÞKt � Ktþ1 � Ct � Gt

� �
≥B0, ð7Þ
where B0 = B0
g − A0 is the economy's initial external debt level.

I refer to Bt = Bt
g − At as the net international liability position or the external debt of the economy.2 To see why, note that At

includes the domestic agents' net position in international assets plus domestic government bonds. The term Bt
g is the government

liability that includes domestic government bonds and international government bonds. Therefore, Bt equals to the domestic sec-
tor and government's net international liabilities minus international lenders' net positions in domestic bonds, which is the net
international liability of the economy.

Competitive equilibrium. Given the above equations, one can define the following competitive equilibrium with government
policies.

Definition 1. Given initial external debt B0 and individual wealth positions (α0
i )i∈I,3 a competitive equilibrium with govern-

ment policies for an open economy is domestic agents' allocation zH,i = {cti, lti,kt+1
i ,at+1

i }t=0
∞ , ∀ i ∈ I, the firm's allocation

zF = {Kt,Lt}t=0
∞ , prices p = {qt,wt, rt, rtk}t=0

∞ , and the government policy zG = {τtn,τtk,τtd,Tt,Bt+1
g }t=0

∞ such that (i) given p and
zG, zH,i solves agent i‘s problem that maximizes (1) subject to (3) and a no-Ponzi condition for the agent's debt value; (ii)
given p and zG, zF solves the firm's problem, which implies the first-order conditions (4); (iii) the government's budget con-
straint (6) holds; (iv) the aggregate resource constraint (7) is satisfied; (v) the no-arbitrage condition holds, (1 − τtk)rtk = rt
+ δ = rt

∗ + δ; and (vi) p satisfies (5) given zG.

1.3. Government's lack of commitment

I consider the case in which the government is benevolent but lacks commitment in all tax and debt policies. The government
sets policies to maximize the weighted discounted utility of all domestic agents, given by a set of social welfare weights λ =
(λi)i∈I.4 Nevertheless, in every period, the government cannot commit to future choices on debt repayments and taxes. I consider
a dynamic game played by the government, domestic agents, and international lenders. If the government deviates from the
contracted allocation at time t, such as defaulting on debt or expropriating capital, the government faces the worst punishment
from the domestic agents and international lenders and receives a deviation utility Ut Ktð Þ that depends on the current aggregate
capital level that it can expropriate. Following Chari and Kehoe (1990, 1993), the subgame perfect equilibrium of this dynamic
game is characterized by the following limited commitment constraints:
X∞
s¼t

βs−tX
i∈I

λiπiUi cis; l
i
s

� �
≥Ut Ktð Þ; ∀t ð8Þ
term Bt is the negative of the net foreign asset position of the economy.
ne α0

i ≡ [1 + (1− τ0d)r0](k0i + a0
i )

ection 3, I show that these weights characterize the set of efficient allocation that maximizes the lifetime equilibrium utility of one agent given that the equi-
utilities of other agents are above feasible thresholds.

5



M. Tran-Xuan Journal of International Economics 144 (2023) 103785
Online Appendix A provides the details of the game and the subgame perfect equilibrium. Constraint (8) imposes an endog-
enous aggregate debt limit that depends on the government's current and future fiscal policies. Therefore, I refer to eq. (8) as the
aggregate debt constraint.

In general, the value of Ut depends on the assumptions on what punishment domestic households and international lenders
impose after the government deviates. Eq. (8) then characterizes an equilibrium of the dynamic game that is different from the
subgame perfect equilibrium. For example, in the numerical analysis of Section 6, I assume that Ut is the value of financial autarky
in which the country has no access to international financial markets. In that case, eq. (8) characterizes the reverting-to-autarky
equilibrium of the dynamic game.

2. Characterizing the competitive equilibrium

In equilibrium, the marginal rates of substitution between consumption and leisure are equal across agents. In addition, the
marginal rates of substitution between consumption today and tomorrow are also equal across agents. That is, in each period
t ≥ 0, for all i,j ∈ I,
5 Defi
1 � τnt
� �

wt ¼ �
Ui

l cit , l
i
t

� �
Ui

c cit , l
i
t ,

� � ¼ �
Uj

l cjt , l
j
t

� �
Ui

c cjt , l
j
t

� �

1þ 1 � τdt
� �

rt ¼
Ui

c cit , l
i
t

� �
βUi

c citþ1, l
i
tþ1

� � ¼ Uj
c cjt , l

j
t

� �
βUj

c cjtþ1, l
j
tþ1

� � :
Given the aggregate allocation (Ct,Lt) in every period, there is an efficient assignment of individual allocation (cti, lti)i∈I. Any in-
efficiencies arising from tax distortions are captured by the aggregate allocation. Therefore, the competitive equilibrium allocation
can be completely characterized in terms of aggregates and a static rule for individual allocation. Following Werning (2007), I first
analyze the static distortion problem and then look at the dynamics in aggregate levels.

Submarket analysis. For any equilibrium, there exist market weights φ = (φi)i∈I, with φi ≥ 0 and ∑iπiφi = 1, such that in-
dividual assignments solve a static problem,
Vm C, L;φð Þ ≡ max
ci , lið Þi ∈ I

∑
i∈ I

φiπiUi ci, li
� �

s:t: ∑
i∈I

πici ¼ C; ∑
i∈ I

πili ¼ L:
The market weights capture how individual allocation is determined given any aggregate allocation. This problem gives the
policy functions for each agent i:
hi C, L;φð Þ ¼ hi,c C, L;φð Þ, hi,l Cð , L;φÞ� �
:

A competitive equilibrium allocation then must satisfy (cti, lti) = hi(Ct,Lt;φ) for all i and t. The associated competitive equilib-
rium prices can be computed as if the economy were populated by a fictitious representative agent with utility function Vm

(C,L;φ). The envelope conditions of the static problem give
1 � τnt
� �

wt ¼ � Vm
L Ct , Lt ;φð Þ

Vm
C Ct , Lt ;φð Þ ð9Þ
1þ rtþ1 ¼ Vm
C Ct , Lt ;φð Þ

βVm
C Ctþ1, Ltþ1;φ� � : ð10Þ
Furthermore, the present-value budget constraint for individual i can be written as
X∞
t¼0

βt Vm
C Ct ; Lt ;φð Þhi;cðCt ; Lt ;φÞ þ Vm

L ðCt ; Lt ;φÞhi;lðCt ; Lt ;φÞh i
¼ Vm

C C0; L0;φð Þ αi
0−T

� �
; ð11Þ
where T is the present value of lump-sum taxes, and α0
i is the individual initial after-tax wealth.5 Eq. (11) is the individual

implementability constraint.
The following proposition characterizes the competitive equilibrium with government policies.
ne T ≡ ∑t=0
∞ βtTtVC

m(Ct,Lt;φ)/VC
m(C0,L0;φ).

6
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Proposition 1. Given initial individual wealth {α0
i }i∈I and external debt B0, an allocation {Ct,Lt,Kt+1}t=0

∞ can be supported as an aggre-
gate allocation of an open economy's competitive equilibrium with government policies if and only if the aggregate resource constraint
(7) holds and there exist market weights φ = (φi)i∈I and a lump-sum tax T such that the implementability constraint (11) holds for all
i ∈ I.

Proof. See Appendix A.

3. Efficiency

This section formulates and characterizes the planning problem in terms of a Ramsey problem with additional aggregate debt
constraints arising from the government's limited commitment.

3.1. Planning problem

The equilibrium with limited commitment can be supported as a competitive equilibrium with government policies and aggre-
gate debt constraints (8). Define the set U of attainable utilities {ui}i∈I such that ui = ∑t=0

∞ βtUi(cti, lti) for any such equilibrium
allocation. Given Proposition 1, {ui}i∈I is the individual lifetime utilities for any allocation {Ct,Lt,Kt}t=0

∞ and a vector of market
weights φ such that the aggregate resource constraint and the implementability constraints for all i ∈ I are satisfied. Specifically,
ui = ∑t=0

∞ βtUi[hi(Ct,Lt;φ)]. An efficient allocation is defined as one that reaches the northeastern frontier of U (i.e., one that max-
imizes the lifetime utility of one agent given that the utilities of other agents are above feasible thresholds). The necessary
conditions can be derived by an alternative problem of maximizing a Pareto-weighted utility, where the Pareto weights are
closely related to the feasible thresholds.6

Therefore, given social welfare weights λ = {λi}i∈I and exogenous international interest rates {rt∗}t=0
∞ , an efficient allocation

solves the following planning problem:
6 As t
tions, as
necessa
make a
Pð Þ ≡ max
Ct , Lt ,Ktþ1f g∞

t¼0
,φ, T ∑

∞

t¼0
βt∑

i ∈ I
λiπiUi hi t;φð Þ

h i

s:t: ∑
∞

t¼0
qt F Kt , Ltð Þ þ 1 � δð ÞKt � Ktþ1 � Ct � Gt

� � � B0 ≥0

∀i, ∑
∞

t¼0
βt Vm

C t;φð Þhi,c t;φð Þ þ Vm
L t;φð Þhi,l t;φð Þ

h i
≥Vm

C 0;φð Þ αi
0 � T

� �

∀t, ∑
∞

s¼t
∑
i ∈ I

βs�tλiπiUi hi s;φð Þ
h i

≥Ut Ktð Þ:
The first constraint is the resource constraint. The second constraint is the implementability constraint that takes into account
the distortionary effect of government policies. The last constraint is the aggregate debt constraint arising from the government's
lack of commitment. The social welfare weights λ = {λi}i∈I capture the government's distributional preference.

3.2. Characterizing the efficient allocation

Let μ be the multiplier on the resource constraint, πiηi be the multiplier on the implementability constraint for agent i, and βtγt

be the multiplier on the aggregate debt constraint for period t. Define η = (ηi)i∈I and rewrite the Lagrangian of the planning prob-
lem with a new pseudo-utility function that incorporates the implementability constraints,
∑
∞

t¼0
βtW t;φ,λ,η½ � � Vm

C 0;φð Þ∑
i ∈ I

πiηi αi
0 � T

� �
,

where
W t;φ,λ,η½ � ≡ ∑
i ∈ I

λiπiUi hi t;φð Þ
h i

þ ∑
i ∈ I

πiηi Vm
C t;φð Þhi,c tð ;φÞ þ Vm

L t;φÞhi,l t;φÞð �
�h
he set of attainable utilities U might not be convex, an allocation that solves (P) might not attain the utilities in U . The analysis focuses on the necessary condi-
they are enough to develop theproperties of the optimal taxes. The set of optimal taxes is a subset of the set of taxes that implement any allocation satisfying the
ry conditions for efficiency. Therefore, the optimal taxes also satisfy the attributes of taxes deriving from thenecessary analysis. Park (2014) andWerning (2007)
similar argument in their work.

7
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The first-order condition with respect to the lump-sum tax T is
∑
i
πiηi ¼ 0: ð12Þ
Substituting in eq. (12), the first-order conditions with respect to aggregate allocation Ct, Lt, Kt+1 become
WC tð Þ þ∑
t

s¼0
γs

∂Vm
C tð Þ
∂Ct

¼ μ
qt
βt ð13Þ
WL tð Þ þ∑
t

s¼0
γs

∂Vm
C tð Þ
∂Lt

¼ μ
qt
βt FL Kt , Ltð Þ ð14Þ
μqtþ1 1−δþ FK Ktþ1; Ltþ1
� �� �

−βtþ1γtþ1U
0
tþ1 Ktþ1
� � ¼ μqt : ð15Þ
In addition, there is the first-order condition with respect to the market weight φi.
The necessary conditions to characterize the efficient allocation are the first-order conditions of the planning problem, the ag-

gregate resource constraint, the implementability constraints, and the aggregate debt constraints.

4. Optimal taxation with separable isoelastic preferences

This section presents the main optimal taxation results under separable isoelastic preferences. I examine how aggregate debt
constraints and the government's preference for redistribution determine the optimal tax properties. I find that a binding debt
constraint decreases all future labor taxes, and the optimal labor tax in the limit is a real constant that depends on the skill dis-
tribution and the government's distributional preference. The optimal domestic savings tax is negative when debt constraints
bind, implying that taxing the domestic sector's borrowing is optimal. In addition, the optimal capital tax is positive when debt
constraints bind.

Throughout this section, I consider that preferences are separable and isoelastic.

Assumption 1 (Separable isoelastic preference). The utility function U : ℝ+ × ℝ+ → ℝ+ satisfies
U c,nð Þ ¼ c1�σ

1 � σ
� ω

n1þν

1þ ν
,

σ,ω,ν > 0.
where
Given Assumption 1, individual consumption and efficient labor supply are time-independently proportional to the aggre-

gates,
cit ¼ hi,c Ct , Lt ;φð Þ ¼ ψi
cCt

lit ¼ hi,l Ct , Lt ;φð Þ ¼ ψi
lLt ,

ð16Þ
where
ψi
c ¼

φi
� �1=σ

∑i∈Iπi φi
� �1=σ ; ψi

l ¼
θi
� �1þν

ν φi
� �−1=ν

∑i∈Iπi θi
� �1þν

ν φi
� �−1=ν

: ð17Þ
In addition, Vm and W inherit the separable and isoelastic properties from U,
Vm Ct , Lt ;φð Þ ¼ Φm
C

C1�σ
t

1 � σ
� Φm

L
L1þν
t

1þ ν

W Ct , Lt ;φ,λ,η½ � ¼ ΦW
C

C1�σ
t

1 � σ
� ΦW

L
L1þν
t

1þ ν
,

8
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∀t, and the planning objective is
7 The
dynami
∑
∞

t¼0
βt ΦP

C
C1�σ
t

1 � σ
� ΦP

L
L1þν
t

1þ ν

 !
,

where ΦC
m, ΦL

m depend on φ, ΦC
W, ΦL

W depend on φ, λ, and η, and ΦC
P, ΦL

P are functions of λ and φ (see Appendix A.1).
For later analysis, I also define the planning flow utility as
VP Ct , Lt ;φð Þ ¼ ΦP
C
C1�σ
t

1 � σ
� ΦP

L
L1þν
t

1þ ν
:

Planner's first-order conditions. The first-order conditions of the planning problem imply
FL Kt , Ltð Þ ¼
ΦW

L þΦP
L∑

t
s¼0γs

h i
Lνt

ΦW
C þΦP

C∑
t
s¼0γs

� �
C � σ
t

ð18Þ
FK Kt , Ltð Þ ¼ r∗t þ δþ βt

qt

γt

μ
U′

t Ktð Þ ð19Þ
and
C−σ
t ¼ βC−σ

tþ1 1þ r�tþ1
� � ΦW

C þΦP
C∑

tþ1
s¼0γs

ΦW
C þΦP

C∑
t
s¼0γs

" #
: ð20Þ
In addition, the first-order conditions for the market weights φ imply that
ηi ¼
X
j∈I

λ j

φ j
−

λi

φi
Implementation. To implement the efficient allocation as part of a competitive equilibrium with government policies, optimal
taxes on labor, capital, and domestic savings must satisfy
1−τnt
� �

FL Kt ; Ltð Þ ¼ Φm
L L

ν
t

Φm
C C

−σ
t

ð21Þ
� �

1−τkt FK Kt ; Ltð Þ ¼ r�t þ δ ð22Þ
� �� �

C−σ
t ¼ βC−σ

tþ1 1þ 1−τdtþ1 r�tþ1 : ð23Þ
4.1. Optimal labor tax

The optimal labor tax follows from dividing eq. (18) by eq. (21):
τnt ¼ 1 � Φm
L

Φm
C

ΦW
C þΦP

C∑
t
s¼0γs

ΦW
L þΦP

L∑
t
s¼0γs

" #
, ð24Þ
The optimal labor tax depends on time-invariant components of the economy that are captured in Φ’s and the time-varying
sum of Lagrange multipliers {γt}t on aggregate debt constraints. Redistribution directly determines the levels of labor taxes via
the Φ’s, and aggregate debt constraints directly affect the labor tax dynamics via the γt’s.7 Furthermore, redistribution indirectly
affects tax dynamics by influencing the timing of binding constraints. The presence of debt constraints changes the equilibrium
outcomes φ and η that determine Φ’s.
special utility with constant elasticities makes the Φ′s constant over time. Therefore, I can separate the direct effect of binding debt constraints on labor tax
cs.

9
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To examine these effects, I consider three cases: when the aggregate debt constraint does not bind, when it binds for the cur-
rent period, and when it binds infinitely often.

Aggregate debt constraint does not bind. The optimal labor tax is constant when the aggregate debt constraint is not rele-
vant. If the aggregate debt constraint never binds at period t, then γs = 0 for any period s ≤ t, and ∑s=0

t γs = 0. The optimal labor
tax becomes
τnt ¼ 1 � Φm
L Φ

W
C

Φm
C Φ

W
L

≡ τn:
This is the constant optimal labor tax formula found in Werning (2007) in which there are no aggregate debt constraints. By
substituting in the definitions of Φ′s, we have that
τn ¼ 1 �
∑i∈Iπ

iψi
c

λi

φi þ 1 � σð Þηi
h i

∑i∈Iπiψi
l

λi

φi þ 1þ νð Þηi
h i : ð25Þ
In addition, if the aggregate debt constraint does not bind at period t, then the optimal labor tax stays constant (i.e., τt−1
n =

τtn). The following proposition summarizes the case of perfect labor tax smoothing.

Proposition 2 (Perfect labor tax smoothing). Given Assumption 1, if the aggregate debt constraint does not bind at period t, then the
optimal labor tax is constant: τtn = τt−1

n . Moreover, if the aggregate debt constraint never binds, then the optimal labor tax is constant
and equal to (25).

Proof. The proof follows from eq. (24). If the aggregate debt constraint does not bind at period t,γt = 0 and so ∑s=0
t−1γs = ∑s=

0
tγt. If the aggregate debt constraint never binds, ∑s=0

t γs = 0.
The intuition behind Proposition (2) is that the government uses lump-sum taxes for revenue needs and only levies

distortionary labor taxes for redistribution. The labor distortion reflects the trade-off between the heterogeneity level, which is
determined by the skill distribution, and the government's redistributive motive, which is represented by the social welfare
weights. Because the skill distribution, welfare weights, and elasticities do not change over time, when borrowing is uncon-
strained, the government finds it optimal to keep the intratemporal distortion constant and borrow as needed. The
unconstrained-debt level of the optimal labor tax is formulated by (25), which is a function of heterogeneity and the
government's distributional preference.

Aggregate debt constraint binds for the current period. Binding debt constraints, however, limit the government's ability to
borrow and maintain constant labor tax distortions over time. If the debt constraint binds in the current period, the debt con-
straint multiplier, which represents the shadow cost of borrowing, shows up in eq. (24) and changes the dynamics of optimal
labor taxes for all future periods. Any change in the labor tax distortion at any period t affects the economy's output in period
t and in turn affects the government's ability to borrow not only in the current period but also in all of the previous periods
0 ≤ s ≤ t. Therefore, to relax the debt constraint in the current period, the government finds it optimal to permanently change
future taxes. The following proposition shows that under assumptions of inequality aversion, the binding debt constraint in the
current period reduces optimal labor taxes in all future periods.

Proposition 3 (Front-loading labor distortion). Suppose Assumption 1 holds, and in addition, there is (i) an equal initial wealth dis-
tribution: α0

i = α0
j , ∀ i,j ∈ I; (ii) a consumption-inequality aversion: σ ≥ 1; and (iii) an inequality aversion: θi ≥ θj ⇔ λi ≤ λj, ∀i,

j ∈ I. Then for any period t such that the debt constraint binds, the optimal labor tax decreases for all periods afterwards: τsn ≤ τt−1
n , ∀ s ≥ t.

Proof. See Appendix A.
The mechanism behind Proposition (3) is back-loading efficiency, as in Aguiar and Amador (2016). Proposition 3 provides a

formal proof of the conditions under which such mechanism exists. When the debt constraint binds in the current period, the
government has an incentive to reduce not only current but also future labor distortions. By lowering future labor taxes, the gov-
ernment increases efficiency by encouraging more labor supply and output, which increases the current period's borrowing capac-
ity and consumption.

The back-loading efficiency mechanism occurs because of the distortionary cost of policies. An inequality-averse government
redistributes by levying distortionary labor taxes. When the debt constraint does not bind, the government redistributes with
high labor taxes and faces high distortionary costs. When the debt constraint binds, it is necessary to reduce future labor taxes
and increase efficiency to relax debt constraints. This model differs from Aguiar and Amador (2016) by the sources of
distortionary costs. In Aguiar and Amador (2016), the cost comes from raising taxes to finance government expenditures. In
this framework, the cost comes from raising taxes to redistribute. Absent the distortionary costs of redistribution, for example,
if the government has access to type-dependent lump-sum taxes, the result goes away, and the optimal labor tax is zero for all
periods.

The above discussion establishes that inequality aversion is key for decreasing optimal labor taxes when debt constraints bind.
On the other hand, if the government is highly inequality loving such that in equilibrium θi ≥ θj ⇔ λi/φ∗i ≥ λj/φ∗j, ∀ i,j ∈ I, then the
10
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optimal labor tax is permanently increasing when the debt constraint binds.8 Because the government cares about high-income
agents, it levies labor taxes lower than the efficient level when debt constraints do not bind. When debt constraints bind, increas-
ing labor taxes helps to increase efficiency.9

Aggregate debt constraint binds infinitely often. I show that the optimal labor tax converges to a limit when the aggregate
debt constraint binds infinitely often in the long run. This result happens when the domestic agents are impatient and the devi-
ation utility is bounded below. That is,

Assumption 2 (Impatience). There exists M > 0 and T such that ∀t > T, β(1 + rt
∗) < M < 1.

Assumption 3 (Bounded deviation utility). Utð�Þ is bounded below; that is, there exists a finite real MU such that inf KtUt Ktð Þ ≥MU.

The argument follows Aguiar and Amador (2016) for the case of heterogeneous agents. Assumptions 2 and 3 imply that the
debt constraint binds infinitely often and that the cumulative sum of multipliers ∑s=0

t γs diverges in the limit. To see why, con-
sider the first-order condition of the planning problem with respect to efficient aggregate consumption (13) under separable
isoelastic preferences:
8 Foll
τsn ≥ τt−n

9 See
βt

qt
ΦW

C þΦm
C

Xt
s¼0

γs

 !" #
C�
t

� �−σ ¼ μ: ð26Þ
In equilibrium, ΦC
W, ΦC

m are bounded, and μ > 0. Assumption 2 of impatience implies that βt/qt converges to zero. If the devi-
ation utility is bounded, aggregate consumption is bounded in the long run, and the economy features no immiseration:

Lemma 1 (No immiseration). Suppose Assumptions 1 and 3 hold. Then for any efficient allocation {Ct∗,Lt∗,Kt
∗}t=0
∞ , liminft→∞Ct

∗ > 0.

Therefore, given eq. (26), it must be that the cumulative sum of multipliers ∑s=0
t γs grows unbounded. Eq. (24) then implies

that
lim
t!∞

τnt ¼ 1 � Φm
L Φ

P
C

Φm
C Φ

P
L

:

By substituting in the functions of Φ′s in the above equation, I find that the optimal labor tax in the limit satisfies
lim
t!∞

τnt ¼ 1 �
∑i ∈ Iπ

i λi

φi ψ
i
c

∑i ∈ Iπi λi

φi ψi
l

: ð27Þ
The optimal labor tax in the limit depends on the distributional preference, {λi}i∈I, and heterogeneity, captured by {φi}i∈I (util-
ity shares),{ψc

i}i∈I(consumption shares), and {ψl
i}i∈I(labor shares). The labor tax limit's value differs from the unconstrained-debt

labor tax level (25) by eliminating the terms associated with {ηi}i∈I, which measure the distortionary cost of policies. Heterogene-
ity is constant over time and therefore does not alter the tax dynamics and the convergence result.

The following proposition characterizes the optimal labor tax in the limit.

Proposition 4 (Optimal labor tax in the limit). Given Assumptions 1–3, if an interior efficient allocation exists, then the optimal labor
tax converges to a real constant given by (27) that depends on the skill distribution and the government's distributional preference. This
result holds with or without the lump-sum transfers.

Proof. See Appendix A.

In addition, if β(1 + rt
∗) = 1, then βt

qt
¼ 1 and ΦC

W, which includes {ηi}i∈I, remains relevant in eq. (26) in the long run. Therefore,

the optimal labor tax does not converge to formula (27). When domestic agents are patient, there is an incentive to save and the
constraints become irrelevant in the long run. If there is enough saving such that the debt constraint never binds, then Proposition
2 gives perfect tax smoothing, and the optimal labor tax is given by (25).

The optimal labor tax in the limit is the level of labor distortion that delivers the maximum efficiency for the economy in the
long run. In this case, the maximum efficiency depends on redistribution, given by skill dispersion and distributional preference.
owing the proof of Proposition 3, we will have in this case that ~cov ψi
c ,

λi

φi

� �
≥0 and ~cov ψi

l ,
λi

φi

� �
≥0. Thus, if the debt constraint binds in period t, then

1, ∀ s ≥ t.
Section 6.4 for the numerical illustration of optimal labor taxes under inequality-averse and inequality-loving distributional preferences.
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To see this, consider the following expenditure minimization problem for each period t:
EMtð Þ ≡ min
Cs , Ls ,Ksþ1

∑
∞

s¼t
qs Cs þ Gs þ Ksþ1 � F Ks, Lsð Þ � 1 � δð ÞKs

� �

s:t: ∑
∞

s¼t
βs�t ΦP

C
C1�σ
s

1 � σ
� ΦP

L
L1þν
s

1þ ν

 !
¼ Ut Ktð Þ,
which is the problem of minimizing the present value of resources needed for the planner to deliver Ut Ktð Þ as the promised utility at
period t. The solution to this minimization problem gives the maximum efficiency for the economy and can be implemented with a
labor tax of 1− (ΦL

mΦC
P)/(ΦC

mΦL
P). As the debt constraint binds in the long run, the planner stays in the contract by offering an alloca-

tion that delivers the promised utilityUt Ktð Þ in a less costly way and eventually reaches the allocationwithminimal cost, which is the
solution to (EM∞). The optimal labor tax converges to the maximum efficiency level of 1 − (ΦL

mΦC
P)/(ΦC

mΦL
P).

The limiting value of optimal labor tax (27) differs from the zero limiting value found in Aguiar and Amador (2016). The value
differs because the model in Aguiar and Amador (2016), as a result of the representative-agent setup, does not have the effect of
redistribution. In that case, the economy's maximum efficiency is determined by (EM∞) with ΦC

P = ΦL
P = ΦC

m = ΦL
m = 1. The op-

timal labor tax is zero in the long run.
In addition, if the assumptions of inequality aversion and highly concave preferences in Proposition 3 hold, then it is optimal

for the government to tax labor less in the limit than when the debt constraint never binds.

Corollary 1. Given Assumptions 1–3 and the assumptions in Proposition 3, if an interior efficient allocation exists, then the optimal
labor tax in the limit is weakly smaller than the optimal labor tax when the debt constraint never binds, that is, τn≥ lim t!∞τnt .

Proof. The proof follows directly from Proposition 3 and 4. □
In summary, the optimal labor tax is constant when the debt constraint does not bind, decreases for all future periods when

the debt constraint binds, and converges to a real constant in the long run as the debt constraint binds infinitely often due to the
impatience of the domestic sector. The optimal labor tax in the limit is not necessarily zero and depends on the skill distribution
and distributional preference.

4.2. Optimal domestic savings tax (optimal capital control)

Combining eqs. (20) and (23), the optimal domestic savings tax satisfies
τdt ¼ 1 �
1þ r∗tð Þ ΦW

C þΦP
C∑

t
s¼0γs

ΦW
C þΦP

C∑
t
s¼0γs

h i
� 1

r∗t
, ∀t ≥1 ð28Þ
If the debt constraint does not bind in period t, then γt = 0 and τtd = 0, which means no domestic saving tax. If the debt con-
straint binds in period t, then γt > 0 and τtd < 0, which is a subsidy on domestic savings or a tax on domestic borrowing. In the
long run, limt→∞τtd = limt→∞ − (1 − β(1 + rt

∗))/(βrt∗) < 0. Proposition 5 summarizes the properties of domestic savings taxes.

Proposition 5. Given Assumptions 2–3, if the interior efficient allocation exists, then τtd = 0 when the debt constraint does not bind in
period t,τtd < 0 when the debt constraint binds in period t, and limt→∞τtd < 0.

Proof. The proof follows from the above discussion. □
In this framework, a tax on the domestic sector's savings is a form of capital control. Proposition 5 implies that capital control

is optimal only when aggregate debt constraints are binding. Impatient domestic agents do not internalize the effect of their bor-
rowing on tightening the aggregate debt constraints. The planner, on the other hand, internalizes that effect when choosing op-
timal allocation. If the debt constraint does not bind, the government should not tax the domestic sector's savings. If the debt
constraint binds, to implement the efficient allocation, the government should tax the domestic sector's borrowing (alternatively,
subsidize the domestic sector's savings) to discourage debt accumulation. In the long run, as the debt constraint binds infinitely
often, it is optimal to tax the domestic sector's borrowing. In addition, the skill distribution and distributional preference affect the
levels of capital controls via the terms ΦC

W and ΦC
P.

4.3. Optimal capital tax

Eqs. (19) and (22) imply that the optimal capital tax follows:
τkt ¼
βt

qt
γtU

′
t Ktð Þ

FK Kt , Ltð Þ : ð29Þ
12
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Suppose that the deviation utility Ut is strictly increasing in the capital stock Kt; that is, the higher the amount of capital that the
government can expropriate, the higher the deviation utility is. If the debt constraint does not bind in period t, then γt = 0 and there
is no tax on capital: τtk = 0. If the debt constraint binds in period t, then γt > 0 and it is optimal to tax capital: τtk > 0. In the long run,
the optimal capital tax is positive as the debt constraint binds. Proposition 6 summarizes the properties of capital taxes.

Proposition 6. Given Assumptions 2–3 and U′
t > 0, if the interior efficient allocation exists, then τtk = 0 when the debt con-

straint does not bind in period t,τtk > 0 when the debt constraint binds in period t, and limt→∞τtk > 0.

Proof. The proof follows from the above discussion.
The efficient allocation features capital underinvestment when debt constraints are binding. The first-order condition (19)

shows that FK(Kt,Lt) > rt
∗ + δ when γt > 0, where rt

∗ + δ is the first-best interest rate. Because the government can expropriate
capital and receive higher utility from reneging, the planner discourages capital accumulation by imposing positive capital taxes.
This result is consistent with the debt overhang effect on capital investment, as in Aguiar et al. (2009). □

5. Effect of redistribution

This section studies the effect of redistribution on the levels of optimal labor taxes at unconstrained borrowing and at the limit.
Redistribution arises as the interaction between the skill distribution and the government's distributional preference. To analyze
the effect, I rewrite the optimal labor tax formulas as
τn ¼ 1 �
~E λi

φi

h i
þ σc~ov ψi

c, λi

φi

� �
~E λi

φi

h i
� νc~ov ψi

l,
λi

φi

� � ð30Þ
h i � �

lim
t!∞

τn ¼ 1 �
~E λi

φi þ c~ov ψi
c,

λi

φi

~E λi

φi

h i
þ c~ov ψi

l,
λi

φi

� � , ð31Þ

the optimality condition ηi =∑ πjλj/φj − λi/φi and definitions ~E xi
� �

≡ ∑ πixi, c~ov xi, yi
� �

≡ ~E xiyi
� � � ~E xi

� �
~E yi
� �

. The optimal
using j∈I i

labor tax levels dependon the covariance between fractions of individual allocation to aggregates (ψc
i ,ψl

i)i∈I and theweight ratios (λi/φi)i∈I.
The key redistribution component that affects optimal labor tax levels is the ratio between Pareto and Negishi weights λi/φi,

which measures the relative difference between the government's distributional preference and the equilibrium market distribu-
tion over individual utilities. If the distributional preference agrees with the market distribution (i.e., λi = φi, ∀ i ∈ I), then eqs.
(30) and (31) imply that the optimal labor tax is zero. This result happens under two cases: the representative-agent case and the
heterogeneous-agent case in which the efficient allocation is such that λi = φ∗i, ∀ i ∈ I.

Proposition 7 (Zero labor tax). The optimal labor tax is zero if either of the following cases holds:

1. There is no heterogeneity: θi = θj, a0i = a0
j , ∀ i,j ∈ I.

2 There exists an efficient allocation {Ct∗,Lt∗,Kt+1
∗ }t=0

∞ , φ∗, T∗ such that λi = φ∗i, ∀ i ∈ I.

Proof. See Appendix A.
If there is no heterogeneity, there is no need for labor tax distortion for redistribution, and the government uses lump-sum

taxes to finance its expenditures. If there is heterogeneity, the government's distributional preference changes optimal labor tax
levels only when it deviates from the distribution determined by equilibrium markets. If the welfare weights are equal to the in-
verse of the marginal utilities, the desired redistribution is achieved through market forces, and the government does not need to
levy distortionary taxes.

If there is a disagreement between distributional preference and equilibrium market distribution (λi ≠ φi), then the optimal
labor tax is nonzero. I discuss the conditions under which optimal labor taxes are positive or negative.

Signs of unconstrained-debt labor tax. If c~ov ψi
c,λ

i=φi
� �

, c~ov ψi
l,λ

i=φi
� �

< 0, and σ > 1, then eq. (30) implies that τn > 0:

This result happens under the assumptions of Proposition (3). Intuitively, when the government is inequality averse, it puts higher
relative weights λi/φi toward lower-income agents that have lower shares ψc

i , ψl
i of aggregate consumption and labor. The govern-

ment has an incentive to redistribute toward lower income agents and levies labor taxes when the debt constraint never binds.

On the other hand, if c~ov ψi
c,λ

i=φi
� �

, c~ov ψi
l,λ

i=φi
� �

> 0, and σ > 1, then eq. (30) implies that τn < 0: This is the case in

which the government is highly inequality loving such that the relative weights λi/φi are higher for higher-income agents who
have higher shares ψc

i , ψl
i of aggregate consumption and labor. In this case, the government cares a lot about high-income agents

and subsidizes labor supply when the debt constraint never binds.

Signs of labor tax in the limit. If c~ov ψi
c,λ

i=φi
� �

< c~ov ψi
l,λ

i=φi
� �

, then eq. (31) implies that limt→∞τtn > 0. If

c~ov ψi
c,λ

i=φi
� �

> c~ov ψi
l,λ

i=φi
� �

, then eq. (31) implies that limt→∞τtn < 0, so there is a labor subsidy in the long run. To develop
13
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the intuition, consider the case in which the government is inequality averse and c~ov ψi
c,λ

i=φi
� �

, c~ov ψi
l ,λ

i=φi
� �

< 0. The redis-

tributive benefit is higher when c~ov ψi
c,λ

i=φi
� �

is lower and c~ov ψi
l ,λ

i=φi
� �

is higher. If c~ov ψi
c,λ

i=φi
� �

< c~ov ψi
l,λ

i=φi
� �

, there is a

redistributive benefit in the long run, so it is optimal to tax labor to reduce inequality. If c~ov ψi
c,λ

i=φi
� �

> c~ov ψi
l ,λ

i=φi
� �

, the re-

distributive benefit is low while increasing labor supply to relax the debt constraint is more beneficial, so it is optimal to subsidize
labor in the long run.

Degree of back-loading. I define the degree of back-loading as ð limt→∞τnt −τnÞ=τn, which is the relative difference between
the levels of optimal labor taxes at the limit and at the initial period when the debt constraint does not bind. In Aguiar and
Amador (2016), the degree of back-loading is −1 because limt→∞τtn = 0. The sign of the optimal labor tax in the limit determines
how strong the degree of back-loading is compared to Aguiar and Amador (2016). If the government finds it optimal to tax labor
in the long run (limt→∞τtn > 0), then the degree of back-loading is mitigated. However, if it is optimal to subsidize labor in the long
run (limt→∞τtn < 0), then the degree of back-loading is amplified.

6. Numerical analysis

This section considers the numerical analysis of the no-capital version of the model. I illustrate the dynamics of optimal taxes
and the efficient allocation and explain the mechanism behind the dynamics. Lastly, I examine how optimal taxes respond to
changes in skill heterogeneity that correspond to changes in the government's motive for redistribution.

6.1. Parameterization

Assumptions and functional forms. The economy consists of two types of domestic agents, denoted by i = {H,L}, with pro-
ductivity levels θH ≥ 1 ≥ θL. The two agents have equal population mass, πH = πL. I normalize the average productivity to ∑i=H,

Lπiθi = 1. The agent's preference is U(c,n) = log c − ωn1+ν/(1 + ν). I assume that there is no capital. The production technology
is linear in efficiency-unit labor: F(Lt) = Lt. The planner's objective is utilitarian: λH = λL = 1.

I assume that if the government defaults, it defaults on all domestic and international debt. The government sets the tax rate
on all returns on assets at 100% and chooses the labor tax. Domestic agents do not lend to the government, and international
lenders do not lend. The labor tax is chosen endogenously by the government in default. Under this assumption, the deviation
utility is the value of financial autarky, in which neither the domestic sector nor the government has access to international finan-
cial markets.

Under the no-capital assumption, the value of the deviation utility does not depend on the current capital stock. The deviation
utility is then a constant finite U that is consistent with Assumption 3.12 This property implies that there exists a cutoff time pe-
riod S in which for all periods before S, the debt constraint does not bind, and for all periods after S, the debt constraint binds. This
property is captured in the following lemma.

Lemma 2. If the debt constraint binds for a time period t = S, where S is finite, then it will bind for all time periods t > S.

Proof. See Appendix A.
Parameter values. Table 1 presents the parameter values used in the numerical analysis.13 The discount factor is set to β =

0.94, and the international interest rate is constant over time with value rt
∗ = r∗ = 0.05 so that β(1 + r∗) < 1. The preference

parameters are ω = 1 and ν = 2 so that the elasticity of labor supply is 0.5. The government expenditure is constant for all pe-
riods and set as 0.2, which is 20% of the average productivity. All domestic agents' initial wealth positions are normalized to 0, and
the economy starts with an initial net foreign asset position of 0.2, so B0 = −0.2. I consider the case of relative skill dispersion
θH/θL = 2.

6.2. Dynamics of the efficient allocation and optimal policies

This subsection presents the dynamics of the efficient allocation and the optimal policies that implemented them. Because of
Ricardian equivalence, I consider a particular implementation of the efficient allocation where the planner gives the present-value
lump-sum transfer only in period 0. Fig. 1 depicts the time paths of aggregates. S is the first period in which the debt constraint
binds.

Planner's utility and debt constraints. In Fig. 1, Panel (a) plots the time path of the difference between the planner's contin-
uation social welfare and the deviation utility, which are the two sides of the debt constraint. The planner's continuation social
welfare decreases over time until it reaches the deviation utility U at period S and stays constant at U afterward. This feature im-
plies that the debt constraint does not bind for all periods before S and binds for all periods after S.

Consumption and labor. Panels (b) and (c) of Fig. 1 present the dynamics of aggregate consumption and labor. When debt
constraints do not bind, there is front-loading of consumption and leisure. When debt constraints bind, aggregate consumption
and labor increase over time until they converge to steady states.
12 Online Appendix B explains how to calculate the the deviation utility.
13 See Online Appendix B for the computational algorithm.
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Fig. 1. Time paths of economic aggregates.
Note: This figure plots the time paths of the social welfare, aggregate variables, and optimal policies from the model's simulation for 300 periods in the case of no
capital and θH = 2θL. S = 6 is the first period in which the debt constraint binds. In the limit, limt→∞τtn = − 0.59% and limt→∞τtd = − 31.8%.

Table 1
Parameter values.

Parameter β r∗ ω ν g α0
i B0 θH/θL

Value 0.94 0.05 1 2 0.2 0 −0.2 2

Note: This table presents the parameter values used in the numerical analysis.
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Optimal taxes. Panels (d) and (e) of Fig. 1 depict the optimal tax properties presented in Section 4. When the debt constraint
does not bind, the optimal labor tax remains constant at a positive level, and the optimal domestic savings tax is zero. As the debt
constraint starts binding, the labor tax decreases while the domestic savings tax becomes negative, implying a positive tax on the
domestic sector's borrowing. In the limit, there are subsidies on labor income (limt→∞τtn = − 0.59%) and taxes on the domestic
sector's borrowing (limt→∞τtd = − (1 − β(1 + r∗))/(βr∗) = − 31.8%). As Panel (f) shows, there is a lump-sum transfer in the
net present value in the initial period.

Redistribution. Panel (g) of Fig. 1 plots the variance of consumption across domestic agents over time. When the debt con-
straint does not bind, the consumption variance decreases, implying that there is more redistribution over time. However,
when the debt constraint binds, the consumption variance increases, implying that the government sacrifices redistribution as
debt becomes more expensive.

Asset and debt policies. Impatient domestic agents borrow over time, as shown in Panel (h). Higher-income agents borrow
more compared to lower-income agents because both types of agents borrow at similar fractions of their incomes over time. In
Panel (i), the economy accumulates external debt quickly at the beginning of time. However, when the debt constraint hits,
there is a slower accumulation of debt that eventually reaches its steady state, which is the maximum debt capacity of the econ-
omy. Panels (h) and (i) imply that the government is a net lender as it lends to the impatient domestic sector.

In summary, when there is no cost of borrowing, the government uses positive labor distortions and lump-sum transfers to
redistribute resources among domestic agents. The high initial labor tax rate is because of the high benefit of redistribution.
When debt constraints bind and borrowing is expensive, the government uses the tax on domestic borrowing for redistribution,
as higher-income agents are more indebted than lower-income agents. This additional redistributive tool allows the government
to reduce labor distortion over time and subsidize labor in the long run. In this case, the high-skilled agent is more productive
than the average productivity level. A labor subsidy in the long run encourages her to produce more output, which increases
the economy's borrowing capacity. The external debt level continues to rise even when debt constraints are binding.
15



Fig. 2. Time paths of economic aggregates in the benchmark and relaxed planning problems.
Note: This figure plots the time paths of the social welfare, aggregate variables, and optimal policies from the model simulations for 300 periods for the benchmark
planning problem P(φ∗) and the relaxed planning problem E(φ∗).
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6.3. Mechanism

I examine the mechanism behind the effect of binding debt constraints on the dynamics of efficient allocation and optimal pol-
icies. I consider the following relaxed planning problem in which the planner does not face the distortionary cost of redistribution
but is subject to delivering the same distribution of individual outcomes, captured by the optimal φ∗:
10 The
E φ∗� �
≡ max

Ct , Ltf gt
∑
∞

t¼0
βt∑

i ∈ I
λiπiUi hi t;φ∗� �h i

s:t: ∑
∞

t¼0
qt Lt � Ct � Gt½ � � B0 ≥0

∀t, ∑
∞

s¼t
∑
i∈I

βs�tλiπiUi hi s;φ∗� �h i
≥Ut :
Fig. 2 compares the dynamics of aggregates between the benchmark problem P(φ∗) and the relaxed problem E(φ∗). The re-
laxed problem E(φ∗) delivers higher ex ante social welfare (Panel (a)). It takes longer for E(φ∗) to reach the debt constraint,
but when the debt constraint binds, consumption, labor, taxes, and external debt stay constant. The implemented labor tax for
the allocation of E(φ∗) is constant at a negative level. The solution of P(φ∗) converges to the solution of E(φ∗) in the long run.
The relaxed problem E(φ∗) is the most efficient way to deliver φ∗, while the benchmark problem P(φ∗) is the best way to deliverφ∗, taking into account the distortionary cost of redistribution. The solution to P(φ∗) increases its efficiency every time the debt
constraint binds and eventually reaches the most efficient outcome.

Fig. 3 provides the trade-off path between aggregate consumption and aggregate labor of the benchmark and relaxed alloca-
tion over time. The dashed curves represent the intraperiod indifference curve of the planning utility with respect to aggregate
consumption and labor. The benchmark and relaxed allocation for each period t are indexed by xt and x̂t , respectively. The
slope of each associated line is the marginal rate of substitution between consumption and labor at period t.10 For the periods
in which the debt constraints do not bind, the marginal rate of substitution remains constant, as the benchmark allocation drifts
down the utility indifference curve, decreasing consumption and increasing labor. The decline in consumption and leisure reflects
the impatience of domestic agents, while the constant marginal rate of substitution comes from the tax-smoothing argument.
When the debt constraint starts binding, as illustrated before, staying at the same allocation is no longer sustainable. Therefore,
the allocation moves along the autarkic utility indifference curve.

The benchmark allocation moves up along the flow autarkic utility indifference curve. In the benchmark planning problem, the
marginal rate of substitution between consumption and labor starts at a low level, as the slope of the indifference curve at x0 is
less than one. The argument is that it is always better for the planner to redistribute by distorting intratemporal decisions instead
of intertemporal decisions. The marginal rate of substitution is then lower than one because of the distortionary cost of redistri-
bution. On the other hand, the relaxed allocation does not have to take this distortionary cost into account, so its allocation (x̂t)
always has a slope of one, in which the slope of the indifference curve equals the slope of the aggregate resource constraint. Tax
smoothing implies that at the end of the periods in which the debt constraints do not bind, the benchmark allocation's marginal
rate of substitution has not changed and is less than one. Given the same promised utility, at the moment the debt constraint
binds, suppose that the planner decreases one unit of labor. Then she can only decrease consumption by less than one unit,
slope of the planning utility indifference curve is ΦP
L

ΦP
C

Lνt
C �σ
t

���
ut

.
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Fig. 3. The consumption-labor trade-offs over time in the benchmark and relaxed planning problems.
Note: This figure plots the trade-offs between aggregate consumption C and aggregate labor L over time for the benchmark planning problem P(φ∗) and the
relaxed planning problem E(φ∗).
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implying that the planner will need to take on more debt. If the planner instead increases one unit of labor, she will only need to
increase consumption by less than one unit. Then the planner can gain additional resources to pay back the existing debt. As a
result, the benchmark allocation moves up along the indifference curve until it reaches the most efficient allocation with a
slope of one.11

6.4. Optimal labor tax with redistribution and debt constraints

To show how optimal labor taxes respond to the government's distributional preference, I compare optimal labor taxes in the
benchmark to the inequality-averse model (σ = 2) and the inequality-loving model (λH = 3λL). Fig. 4 shows that relative to the
benchmark, when the government is more inequality averse, the unconstrained-debt level of optimal labor tax is higher because
of the higher need for redistribution. It takes longer for the economy to hit the debt constraint. However, the government reduces
labor tax more aggressively when the debt constraint binds, resulting in a lower labor tax in the limit. In contrast, when the gov-
ernment is highly inequality loving, it is optimal to subsidize labor initially and reduce the subsidy as debt constraints start bind-
ing. This case is the opposite of Proposition 3 as the optimal labor tax increases when debt constraints bind.

I next show that inequality and debt constraints affect the properties of optimal labor taxes. Fig. 5 plots the time paths of op-
timal labor tax in the benchmark, no-inequality (θH = θL), and no-debt-constraint models. When there is no inequality, the gov-
ernment sets zero labor taxes for all periods, as shown by the first case of Proposition 7. The no-debt-constraint model
corresponds to the open economy version of Werning (2007) in which the optimal labor tax is constant over time. The
unconstrained-debt level of optimal labor tax τn in the benchmark is higher than the optimal labor tax in the no-debt-
constraint model. The presence of future binding debt constraints makes the government want to do more redistribution by rais-
ing labor taxes in the initial periods.

6.5. Comparative statics: skill dispersion

I demonstrate how optimal taxes and external debt change with respect to changes in skill dispersion. I find that higher skill
dispersion, which represents a stronger redistributive motive of the government, requires greater labor tax distortions and lump-
sum transfers initially but lower labor tax distortions in the long run. Higher skill dispersion also corresponds to higher taxes
(capital controls) on the domestic sector's borrowing when debt constraints bind as well as higher external debt over time.

I consider the comparative statics exercise in which average productivity is normalized to ∑i=H,Lπiθi = 1 and the level of θH/θL

changes from 1, the representative-agent case, to 4. Fig. 6 inequality illustrates the changes in optimal taxes with respect to the
relative skill dispersion θH/θL. Panel (a) plots the labor tax rate in periods in which borrowing is unconstrained (τnÞ and at the
limit (limt→∞τtn). Panel (b) plots the domestic savings tax rate at period S + 1 when τd takes the lowest value and τd the limit
(limt→∞τdn). Panel (c) plots present-value lump-sum transfers. Panel (d) plots the degree of back-loading, lim t!∞τnt � τn

� �
=τn,

for each θH/θL level relative to the case of Aguiar and Amador (2016), which has a degree of back-loading equal to −1.
11 In this example, one can show that ΦP
L

ΦP
C

< ΦW
L

ΦW
C
, which implies that the slope of the benchmark indifference curve is ΦP

L L
ν
t

ΦP
C C

�σ
t

< ΦW
L Lνt

ΦW
C C�σ

t
¼ 1 for any period t such that

debt constraints have not been binding before. In the long run, the slope of the benchmark indifference curve converges to At
.
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Fig. 5. Optimal labor taxes: benchmark, no inequality, and no debt constraint.
Note: This figure plots the time paths of optimal labor taxes in the benchmark, no-inequality, and no-debt-constraint models. The no-inequality model correspond
to θH = θL.

Fig. 4. Optimal labor taxes and distributional preference.
Note: This figure plots the time paths of optimal labor taxes in the benchmark, inequality-averse, and inequality-loving models. The inequality-averse mode
corresponds to σ = 2. The inequality-loving model corresponds to λH = 3λL.
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Optimal labor tax. Optimal labor tax rates at the debt-unconstrained level and at the limit respond differently to changes in the
skill dispersion. As Panel (a) of Fig. 6 shows, the debt-unconstrained level of optimal labor tax τn increases with respect to the
relative skill dispersion. As skill dispersion increases, the government increases its distributional preference toward low-income
agents and levies higher labor tax rates when borrowing is not limited. However, the optimal labor tax in the limit limt→∞τtn de-
creases with respect to the relative skill dispersion. Moreover, limt→∞τtn is negative when there is skill heterogeneity, implying that
it is optimal to subsidize labor in the long run. A higher level of skill dispersion implies that the highly productive agent becomes
more productive. Increasing the labor subsidy in the long run can encourage greater output to increase the economy's borrowing
capacity.

Although labor is subsidized in the long run, the government still achieves its redistributive purpose by combining the high
initial labor tax rates and positive lump-sum transfers. Panel (c) of Fig. 6 depicts that the present value of lump-sum transfers
increases with respect to the relative skill dispersion.

Optimal capital control. The optimal domestic savings tax also depends on the level of skill dispersion. As Panel (b) of Fig. 6
shows, the minimum value of the optimal domestic savings tax decreases when skill dispersion increases. However, the optimal
s



Fig. 6. Optimal taxes, lump-sum transfer, and degree of backloading by relative skill dispersion.
Note: This figure plots the optimal taxes for different levels of relative skill dispersion θH/θL. Average productivity is normalized to ∑i=H, Lπiθi = 1 for each case.
Panel (a) plots the labor tax rate in periods in which borrowing is unconstrained (τnÞ and at the limit (limt→∞τtn). Panel (b) plots the domestic savings tax rate at
period S + 1 when τd takes the lowest value and τd the limit (limt→∞τdn). Panel (c) plots present-value lump-sum transfers. Panel (d) plots the degree of back-
loading, ð limt→∞τnt −τnÞ=τn , for each relative skill dispersion level relative to the case of Aguiar and Amador (2016), which has a degree of back-loading equal
to −1.
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domestic savings tax converges to the same limiting value,−(1 − β(1 + r∗))/(βr∗), in the long run for all levels of skill dispersion.
When the economy becomes more unequal, the optimal capital control in the form of taxes on domestic borrowing increases
when debt constraints bind. A higher level of skill dispersion means that the highly productive, high-income agent has higher in-
come and so borrows more. When debt constraints are tightened, it is optimal to discourage high-income households from bor-
rowing by increasing taxes.
Fig. 7. Time paths of external debt by relative skill dispersion.
Note: This figure plots the time paths of external debt Bt from the model simulations for 200 periods for different levels of relative skill dispersion. Average
productivity is normalized to ∑i=H, Lπiθi = 1.
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Degree of back-loading. In Panel (d) of Fig. 6, the degree of back-loading increases as relative skill dispersion increases com-
paring to Aguiar and Amador (2016). For low levels of inequality (e.g., θH/θL = 1.5), the degree of back-loading is mitigated com-
pared to Aguiar and Amador (2016). For high levels of inequality (e.g., θH/θL ≥ 2), the degree of back-loading is amplified
compared to Aguiar and Amador (2016).

External debt. The economy's external debt Bt increases with respect to skill dispersion, as shown in Fig. 7. While all econo-
mies start with the same initial external debt position, an economy with a higher level of skill dispersion accumulates higher ex-
ternal debt over time. A highly dispersed economy wants to redistribute more by levying a higher labor tax rate during the
periods in which the debt constraints have not been binding. The higher tax rate means that there is lower output, which is com-
pensated by more borrowing.

The higher debt capacity of the economy corresponds to the need to stabilize the higher debt level that the economy accumu-
lates beforehand because of a higher redistributive motive. In addition, a higher level of skill dispersion is associated with a longer
time of unconstrained borrowing. Since a highly dispersed economy has a greater redistributive motive, it is more costly to redis-
tribute during periods of financial autarky. Therefore, it is optimal to prolong the periods in which the debt constraint does not
bind, a time in which the government can redistribute the most.
7. Conclusion

This paper analyzes optimal taxation in a small open economy with the government's desire for redistribution and endogenous
debt constraints. The country increases its external borrowing over time as a result of the impatience of the domestic agents, so
debt constraints become relevant in the long run. Under separable isoelastic preferences, the optimal labor tax is constant when
the debt constraint does not bind, decreases when the debt constraint binds, and converges to nonzero values in the limit that are
associated with income inequality and the government's distributional preference. I also argue that capital controls in the form of
taxes on the domestic sector's borrowing are optimal when borrowing is constrained. The optimal domestic borrowing tax and
capital tax are positive in the long run.

The key mechanism for front-loading labor distortions is back-loading efficiency, and the government's desire for redistribu-
tion plays an important role for the mechanism to exist. Concerns for redistribution lead to the government's need to use
distortionary taxes. When debt constraints bind, decreasing future labor distortions is optimal to increase efficiency. The result
is the response to distortions and binding debt constraints. If the government can avoid the distortionary cost of redistribution,
such as by having access to type-dependent lump-sum taxes, then there is no back-loading efficiency as the optimal labor distor-
tions are zero. In addition, the optimal labor tax in the long run is nonzero and depends on both inequality and the government's
distributional preference.

Redistribution has an effect on optimal policies. A government with a high redistributive motive wants to set high labor tax
rates and accumulate a high level of debt when debt is unconstrained. When debt is constrained, the government continues sus-
taining higher debt by lowering labor tax rates and possibly subsidizing labor in the long run. In addition, capital controls in the
form of domestic borrowing taxes increase when inequality or the government's redistributive motive increases.

In the model, the main source of income heterogeneity comes from skill dispersion. Other sources of heterogeneity, such as
heterogeneous returns on investment in capital and wealth, are worth exploring in future research. In addition, enriching the
tax system to nonlinear taxes can facilitate the study of optimal tax progressiveness in the presence of limited borrowing.
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Appendix A. Formulas and proofs

A.1. Formulas for separable isoelastic preferences

Given the formulas for ψc
i and ψl

i in (17), we have the followings:
Φm
C ¼ ∑

i
πi φi
� �1=σ	 
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L ¼ ω ∑
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A.2. Proof of Proposition 1

Proof. (⇒) Let {Ct,Lt,Kt+1}t=0
∞ be an aggregate allocation of an open economy competitive equilibrium with government poli-

cies. Then by definition, {Ct,Lt,Kt}t=0
∞ satisfies aggregate resource constraint for every period. Moreover, given any market weightsφ, {Ct,Lt,Kt+1}t=0

∞ satisfies
1 � τnt
� �

wt ¼ � Vm
L Ct , Lt ;φð Þ

Vm
C Ct , Lt ;φð Þ

1þ 1 � τdtþ1

� �
r∗tþ1 ¼ Vm

C Ct , Lt ;φð Þ
βVm

C Ctþ1, Ltþ1;φ� �

Substituting for wt into the budget constraint (3) and using (cti, lti) = hi(Ct,Lt;φ) gives the implementability constraint for each

agent. Importantly, one can choose φ and T such that the individual implementability constraints hold with equality.
(⇐) Given φ, T and an allocation {Ct,Lt,Kt+1}t=0

∞ that satisfies the aggregate resource constraint, and individual
implementability constraints, construct {wt, rtk}t=0

∞ using firm's first-order conditions (4). {τtn}t=0
∞ can be calculated using the

intratemporal condition (9), while one can choose {τt+1
d }t=0

∞ that satisfy the intertemporal constraint (10). The tax on capital
{τtk}t=0

∞ can be derived from (1 − τtk)rtk = rt
∗ + δ. Define {qt}t=0

∞ by (5).
Rewriting the aggregate resource constraint using F(K,L) = wL + rK gives
X∞
t¼0

qt Ct þ Ktþ1− 1−τnt
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wtLt− 1þ 1−τkt
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Aggregating up the agent's budget constraints implies
Ct þ Ktþ1 þ Atþ1 ¼ 1 � τnt
� �

wtLt þ 1þ 1 � τkt
� �

rkt � δ
h i

Kt þ 1þ rtð ÞAt � Tt
or
Ct þ Ktþ1 � 1 � τnt
� �

wtLt � 1þ 1 � τkt
� �

rkt � δ
h i

Kt þ Tt ¼ 1þ rtð ÞAt � Atþ1
Substituting the last equation into (A.1) gives the government's budget constraint (6). Thus, {Ct,Lt,Kt+1}t=0
∞ is the aggregate

allocation of the constructed competitive equilibrium with government policies. □

A.3. Proof of Proposition 3

Proof. Rewrite the optimal labor tax formulas as
τnt ¼ 1 � Φm
L Φ

W
C þΦm

L Φ
P
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t
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C Φ
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ðA:2Þ
21



M. Tran-Xuan Journal of International Economics 144 (2023) 103785
By definitions,
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Proof. Given that α0
i = α0, ∀ i ∈ I, the individual implementability constraints can be rewritten as
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t¼0
βtC1�σ

t � ψi
lΦ

m
L ∑

∞

t¼0
βtL1þν

t ¼ Φm
C C

�σ
0 α0 � Tð Þ
or
ψi
c ¼ ψi

l
Φm

L ∑
∞
t¼0β

tL1þν
t

Φm
C ∑

∞
t¼0βtC1−σ

t
þ Φm

C C
−σ
0 α0−Tð Þ

Φm
C ∑

∞
t¼0βtC1−σ

t

implies that ψi ≥ ψj ⇔ ψi ≥ ψj. By definition of ψi , φi ≥ φj ⇔ ψi ≥ ψj ⇔ ψi ≥ ψj.
which c c l l c c c l l

The next step is to show that θi ≥ θj ⇔ φi ≥ φj.

Suppose θi ≥ θj and φi < φj, then ψl
i < ψl

j. By definitions of ψl, θi

θj

� �1þν
< φi

φj < 1. However, θi

θj

� �1þν
≥1, which is a contradiction.

Suppose φi ≥ φj and θi < θj, then ψl
i ≥ ψl

j. By definitions of ψl, θi

θj

� �1þν
≥ φi

φj ≥1. However, θi

θj

� �1þν
< 1, which is a contradiction.

Thus, θi ≥ θj ⇐ φi ≥ φj ⇔ ψc
i ≥ ψc

j ⇔ ψl
i ≥ ψl

j. In addition, θi ≥ θj ⇔ λi ≤ λj, which implies that
ψi
c ≥ψ

j
c ⇔

λi

φi
≤

λj

φj
ψi
l ≥ψ

j
l ⇔

λi

φi
≤

λj

φj
Hence, c~ov ψi
c,

λi

φi

� �
≤ 0 and c~ov ψi

l,
λi

φi

� �
≤ 0. □

Lemma 3 and σ ≥ 1, ν > 0 imply that E λi

φi

h i
þ σc~ov ψi

c,
λi

φi

� �
≤ ~E λi

φi

h i
þ c~ov ψi

c,
λi

φi

� �
and ~E½λi

φi�− νc~ovðψi
l;

λi

φiÞ ≥ ~E½λi

φi� þ c~ovðψi
l;

λi

φiÞ ≥ 0.

Therefore, Φm
L Φ

W
C

Φm
C Φ

W
L

≤ Φm
L Φ

P
C

Φm
C Φ

P
L
.

Suppose that the debt constraint binds at period t, then γt > 0, which leads to ∑s=0
t γs > ∑s=0

t−1γs. Applying eq. (A.2) gives
τtn ≤ τt−1

n . □

A.4. Proof of Lemma 1

Proof. Given an efficient allocation {Ct∗,Lt∗,Kt+1
∗ }t=0

∞ , suppose, by contradiction that lim inft→∞Ct
∗ ≤ 0. Find ϵ > 0 such that

∀t,
∑
∞

s¼t
βs�t ΦP

C
C1�σ
s

1 � σ
� ΦP

L
L∗sð Þ1þν

1þ ν

( )
≤ MU
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with Ct = ϵ and Cs = Cs
∗, ∀ s> t. Such ϵ exists since the utility function is unbounded below. Because lim inft→∞Ct

∗ ≤ 0, there exists t0
such that Ct0

∗ < ϵ. Then by monotonicity,
∑
∞

s¼t0
βs�t0 ΦP

C
C∗
sð Þ1�σ

1 � σ
� ΦP

L
L∗sð Þ1þν

1þ ν

( )

< ∑
∞

s¼t0
βs�t0 ΦP

C
C1�σ
s

1 � σ
� ΦP

L
L∗sð Þ1þν

1þ ν

( )

≤ MU

≤ Ut0
K∗
t0

� �

contradicts the aggregate debt constraint at t0. □
which

A.5. Proof of Proposition 4

Proof. Let {Ct∗,Lt∗,Kt+1
∗ }t=0

∞ , φ∗, T∗ be an interior efficient allocation. Then there exists λ such that {Ct∗,Lt∗,Kt+1
∗ }t=0

∞ , φ∗, T∗ solves the
planning problem (P). Define
AC ¼ ∑
i∈I

πi λi

φ∗i ψ
i
c, AL ¼ ∑

i∈I
πi λi

φ∗i ψ
i
l ðA:3Þ
where ψc
i , ψl

i are defined by eqs. (17) using φ∗. First, one can show that AC and AL are positive and bounded:

Lemma 4. Given an interior allocation, 0 < AC < ∞ and 0 < AL < ∞.

Proof. Interior allocation means that for any i,cti, lti > 0, ∀ t. This implies that ψc
i , ψl

i > 0. By (17), φ∗i > 0.
For all i, πi > 0, λi ≥ 0 and since ∑i∈Iπiλi = 1, there exists at least an i such that λi > 0. Given that ψc

i , ψl
i > 0, ∀ i, it must be

that AC, AL > 0.
Since ∑i∈Iπiφ∗i = 1 < ∞ and ∀i, πi, φ∗i > 0, it must be that φ∗i < ∞. So by definition, ψc

i , ψl
i < ∞. Moreover, φ∗i > 0 implies that

λi/φ∗i < ∞. Then by definition, AC, AL < ∞. □
Define (PM) the same problem as (P) with the restriction that (Ct,Lt) = (Ct∗,Lt∗), ∀ t > M, φ = φ∗, T = T∗, and Kt = Kt

∗, ∀ t.
Note that {Ct∗,Lt∗,Kt+1

∗ }t=0
∞ is a solution to (PM), and (PM) has a finite number of constraints. By a Lagrangian theorem in Luenberger

(1969), there exists non-negative, not identically zero vector {rM,μM,ηM, 1,…,ηM,I,γ0
M,…,γM

M} such that the first-order and comple-
mentarity conditions hold, i.e. ∀t ≥ 1
βt

qt
rMAC þ∑

i
πiηM,i 1 � σð Þψi

c þ∑
t

s¼0
γM
s AC

( )
Φm

C C
�σ
t ¼ μM ðA:4Þ
( )

βt

qt
rMAL þ∑

i
πiηM,i 1þ νð Þψi

l þ∑
t

s¼0
γM
s AL Φm

L L
ν
t ¼ μMFL Kt , Ltð Þ ðA:5Þ
Since the allocation is interior and AC, AL > 0, one can rewrite the first-order conditions as
βt

qt
rMAC þ∑

i
πiηM,i 1 � σð Þψi

c þ∑
t

s¼0
γM
s AC

( )
Φm

C C
�σ
t ¼ μM

βt

qt
rMAC þ∑

i
πiηM,i 1þ νð Þψi

l
AC

AL
þ∑

t

s¼0
γM
s AC

( )
Φm

C C
�σ
t ¼ μM AC

AL
FL Kt , Ltð ÞΦ

m
C C

�σ
t

Φm
L L

ν
t

Subtracting the first from the second line gives
βt

qt
Φm

C ∑
i
πiηM,i AC

AL
1þ νð Þψi

l � 1 � σð Þψi
c

	 
( )
C�σ
t ¼ μM AC

AL
FL Kt , Ltð ÞΦ

m
C C

�σ
t

Φm
L L

ν
t

� 1
	 


ðA:6Þ
The following lemma shows that the resource constraint binds for any sub-problem and M ≥ 1.

Lemma 5. In any sub-problem (PM) with M ≥ 1, μM > 0.
23
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Proof. Suppose, by contradiction, that μM = 0 so the resource constraint does not bind. Consider allocation {Ct,Lt,Kt+1}t=0
∞ which

is the solution to (PM). Then there exists ϵ > 0 such that
∑
∞

t¼0
qt F Kt , Ltð Þ þ 1 � δð ÞKt � Ktþ1 � Ct � Gt

� � � B0 � ϵ ≥0
Define L̂t
n o∞

t¼0
where L̂1 < L1 such that F K1, L̂1

� �
¼ F K1, L1ð Þ � ϵ=q1, and L̂t ¼ Lt , ∀t > 1. The allocation Ct , L̂t ,Ktþ1

n o∞

t¼0

satisfies the resource constraint and because of the preference's strict monotonicity, Ct , L̂t ,Ktþ1

n o∞

t¼0
also satisfies the

implementability constraints and the aggregate debt constraints. However,
∑
∞

t¼0
∑
i ∈ I

βtλiπiUi hi Ct , L̂t ;φ
� �h i

> ∑
∞

t¼0
∑
i ∈ I

βtλiπiUi hi Ct , Lt ;φð Þ
h i
which contradicts {Ct,Lt,Kt}t=0
∞ being optimal solution for (PM). □

By Lemma 5 and interior allocation, we can rewrite eq. (A.6) as
Φm
C

μM ∑
i
πiηM,i AC

AL
1þ νð Þψi

l � 1 � σð Þψi
c

	 

¼ qt

βt C
σ
t

AC

AL
FL Kt , Ltð ÞΦ

m
C C

�σ
t

Φm
L L

ν
t

� 1
	 

Specifically, for any M ≥ 1,
Φm
C

μM ∑
i
πiηM,i AC

AL
1þ νð Þψi

l � 1 � σð Þψi
c

	 

¼ q1

β
C∗
1

� �σ AC

AL
FL 1ð ÞΦ

m
C C∗

1ð Þ�σ

Φm
L L∗1
� �ν � 1

" #
Note that the left-hand side is a function of (C1∗ ,L1∗ ,K1
∗), which implies that there exists a constant κ such that ∀M ≥ 1,
Φm
C

μM ∑
i
πiηM,i AC

AL
1þ νð Þψi

l � 1 � σð Þψi
c

	 

¼ κ
Hence, (A.6) can be rewritten as
βt

qt
C−σ
t κ ¼ AC

AL
FL Kt ; Ltð ÞΦ

m
C C

−σ
t

Φm
L L

ν
t

− 1
Note that limt→∞βt/qt = 0 and Ct
−σ is bounded by Lemma 1, so taking the limit on both sides gives
lim
t→∞

AC

AL
FL Kt ; Ltð ÞΦ

m
C C

−σ
t

Φm
L L

ν
t

¼ 1
Hence, given the definition of τtn and the fact that AC,AL are bounded,

lim
t!∞

τnt ¼ lim
t!∞

1 � Φm
L L

ν
t

Φm
C C

� σ
t

1
FL Kt , Ltð Þ

h i
¼ 1 � AC

AL
□
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A.6. Proof of Proposition 7

Proof. λi = φ∗i, ∀ i ∈ I implies that AC = 1 and AL = 1. Therefore, {Ct∗,Lt∗}t=0
∞ , φ∗, T∗ solves
max
Ct , Lt ,Ktþ1f g∞

t¼0
,φ, T ∑

∞

t¼0
βtV Ct , Lt ;φð Þ

s:t: ∑
∞

t¼0
qt F Kt , Ltð Þ þ 1 � δð ÞKt � Ktþ1 � Ct � Gt

� � � B0 ≥0

∑
∞

t¼0
βt VC t;φð Þhi,c t;φð Þ þ VL t;φð Þhi,l t;φð Þ
h i

≥ VC 0;φð Þ ai0 � T
� �

∑
∞

s¼t
βs�tV Ct , Lt ;φð Þ ≥ Ut Ktð Þ
To implement {Ct∗,Lt∗}t=0
∞ , φ∗, T∗ given the specified tax system, by (27), it must be that
lim
t!∞

τnt ¼ 0
A.7. Proof of Lemma 2

Proof. Note that the sustainability constraint is rewritten as ∀t,
∑
∞

s¼t
βs�t ΦP

C
C1�σ
s

1 � σ
� ΦP

L
L1þν
s

1þ ν

( )
≥U
Define ut ¼ ΦP
C

C1�σ
t

1 � σ � ΦP
L
L1þν
t
1þν. Then the proof is similar to Lemma 2 in Aguiar and Amador (2016).

Appendix B. Supplementary data

Supplementary data to this article can be found online at https://doi.org/10.1016/j.jinteco.2023.103785.
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